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The T4 and G4 Constructions for Costas Arrays 

Solomon W. Golomb 

Abstract-Two of the algebraic constructions for Costas arrays, des- 
ignated as T4 and C,, are described in detail, and necessary and 
sufficient conditions are given for the sizes of Costas arrays for which 
these constructions occur. These constructions depend on the existence 
of primitive roots satisfying certain equations in finite fields. 

Index Terms-Costas arrays, primitive roots, Lempel’s construction. 

In [l], a number of systematic algebraic constructions for Costas 
Arrays are described. The validity of several of these constructions 
is proved in [2]. However, two of the algebraic constructions, 
designated T, and G4 in [l], are not discussed in [2]. The present 
note proves the assertions made in [ I ]  concerning these two con- 
structions, and furnishes some additional algebraic information. 

We briefly review a few of the definitions from 111 and 121. 
Definition I :  A Costas array of order n is an n x n permuta- 

tion matrix with the property that the vectors connecting two 
1’s of the matrix are all distinct as vectors. (That is, no two vectors 
are equal in both magnitude and slope). 

Specifically, if we have four distinct entries a, lJ l  = a,,,* = a,,,3 

( i ,  - i 3 ,  j 4  - j 3 ) ,  nor may we have ( i ,  - i , ,  j ,  - j , )  = ( i3  - 

Definition 2: If n = q - 2, where q = pk is the size of a finite 
field, then the Lempel construction L ,  for a Costas array of order 
n sets a,, = 1 iff a’ + aJ = 1, 1 i i ,  j 5 q - 2, where a is any 
fixed primitive root in GF(q). (Note that the Lempel construction 
gives a symmetric permutation matrix with the Costas property.) 

Definition 3: The T4 construction occurs for GF(q) iff there is a 
primitive element a in GF(q) with a + a2 = 1. 

(3 
- - a,4J4 = .1 in the matrix, we must not have ( i ,  - i , ,  j ,  - j , )  = 

i 2 ,  j 3  - j , ) .  
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H. Taylor’s T, construction leads to a Costas Array of order 
n = q - 4. Specifically, from the Lempel construction L , ,  using 
the primitive root a which satisfies a + a’ = 1 in GF(q), we have 
both a’ + a2 = 1 and a’ + a’ = 1. Thus both a,’ = 1 and a,, = 
1 in the L,  construction of order q - 2. Removing the two topmost 
rows and the two leftmost columns from the L ,  array leaves a 
Costas array of order q - 4, which is the 

Theorem I :  A necessary condition for the T, construction is that 
q is 4, or 5, or 9, or a prime p with p = k 1 (mod 10). 

Proof: We are asking for a field GF(q) in which the equation 
x2 + x - 1 has roots, and in which at least one of these roots is 
primitive in GF(q). 

Over GF(2), x2 f x - 1 is irreducible, but generates GF(4). In 
no other field of characteristic 2 will a root of x2 + x - 1 be 
primitive, since these roots have only primitivity 3 .  

Over GF(3), x2 4 x - 1 is irreducible, but generates GF(9). In 
no other field of characteristic 3 will a root of x2 + x - 1 be 
primitive, since these roots have only primitivity 8. 

For p > 5, the roots of x2 + x - 1 = 0 are given by the 
quadratic formula as ( -  1 k 6 ) / 2  = (-  1 f 6 ) ( ( p  + 1)/2) 
(mod p) ,  which lie in GF( p )  iff 5 is a quadratic residue modulo p ,  
and in GF(p2)  otherwise. Now, 5 is a quadratic residue modulo 
p > 5 iff p = f 1 (mod IO), from the law of quadratic reciprocity: 

array. 

iff a = f 1 (mod 5);  
and since p is odd, this becomes p = k 1 (mod IO). Thus, only 
primes with unit digit 1 or 9 are candidates for the T, construction, 
and the construction occurs iff at least one root of x2 + x - 1 is 
primitive in GF(p). (It is possible for neither root, exactly one root, 
or both roots, to be primitive, depending on p.)  

If 5 is a quadratic nonresidue modulo p > 5, then the roots of 
x2 + x - 1 lie in GF(p2)  but not in GF(p). However, they cannot 
be primitive in GF(p2) ,  because a necessary condition for x2 + x 
+ g to have primitive roots in GF( p 2 )  is that g be primitive in 
GF( p) ,  and the only prime fields in which g = - 1 is primitive are 
GF(2) and GF(3). 

Finally, for p = 5, a = 2 is a root of x2 + x - 1 (mod 5), and 
the T4 construction occurs in this case. (Here, in effect, 6 = 0, 

0 

The following generalization G, of Lempel’s construction is due to 
Golomb [2]. 

Definition 4: Let a and fi  be any two primitive roots in GF(q). 
Then G, is the Costas array of order n = q - 2 for which a,, = 1 
iff a ’ + P J =  1. 

Moreno et al. [3] have proved Golomb’s Conjecture A in [2], 
which asserts: Every finite field GF(q) with q > 2 contains two 
primitive roots a and fi  (not necessarily distinct) with a + fi  = 1. 
This leads to the following definition. 

Definition 5: For every q = pk > 3, the G, construction for a 
Costas array of order n = q - 3 is obtained from the G, construc- 
tion using a and f i  with a + fi  = 1 (which has a, ,  = 1, since 
a’ + 0’ = l), by removing the topmost row and the leftmost 
column. 

Definition 6: The G4 construction occurs for GF(q) iff there 
are two primitive elements, a and 0, in GF(q) with a + fi  = 1 and 

If both a + fi  = 1 and a’ + f i - ’  = 1, the G, construction for a 
Costas array of order n = q - 2 has a , ,  = 1 (from a’ + 0’ = 1) 

and x 2  + x - 1 = (x - 2)( x - 2) has a repeated root.) 

a2 + 0-1 = 1 .  
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Fig. 1. p = 41, 01 and p the roots of x 2  - x - 1 = 0 (mod 41), namely 01 = 7, p = 35. 

and a2 ,q -2  = 1 (since P - ’  = f ig- ’ ,  and thus a2 + /3- ’  = CY* + 
fig-’ = 1) .  Hence, after removing row 1 and column 1 to obtain the 
G, array, u2, q - 2  = 1 is at the upper right corner of this new array. 

removed to obtain the G4 Costas Array of order n = q - 4. 

1 = 0 by a ,  we have 

CY - 
1 1 

- - = o,  CY - - = and since 
Thus the top row and the rightmost column of the G, array are CY CY 

1 
Here are the further consequences of the G4 construction. 

Theorem 2: If the G4 construction occurs for GF(q), then CY and 
0 are the two roots of x2 - x - 1 = 0 in GF(q). 

Proof: From a + 0 = 1 and a’ + p- ’  = 1, we have 

p = 1 - a ,  

p-’ = 1 - C Y 2 ,  

Multiplying, 0p- l  = ( 1  - a)(l - a2) ,  

1 =  l - C Y - a 2 + a 3  

a3 - a2 - CY = 0 

C Y 2 - C Y -  1 = o  
and a is a root of x2 - x - 1 = 0. However, dividing a2 - CY - 

a + p = 1 , p =  - - , a p =  - 1 .  
CY 

Thus, ( X  - a ) ( x  - /3) = X’ - ( C Y  + P ) x  + CYP = X’ - x - 1 ,  
0 

Theorem 3: The values of q such that the G4 construction 
occurs in GF(q) are precisely the following subset of the values of 
q for which the construction occurs: q = 4 , 5 , 9 ,  and those 
primes p for which the T4 construction occurs which satisfy either 
p = 1 (mod 20) or p = 9 (mod 20). 

and CY and /3 are the two roots of x 2  - x - I = 0. 

Proof: From Theorem 2, the values of q for which the G4 
construction occurs are those for which x 2  - x - 1 = 0 has its 
roots in GF( q )  where these roots are primitive in GF( q) .  Analogous 
to the proof of Theorem 1 ,  the only possible fields of characteristic 
2, 3, or 5 which qualify are GF(4), GF(9), and GF(5), and it is 
easily verified that for each of these three fields the G4 construction 
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occurs. Also, if q = pk and p > 5 ,  it is necessary to have k = 1, 
as in the proof of Theorem 1. 

For primes p > 5 ,  the roots of x2 - x - 1 = 0 are (1 
i- 6 ) / 2  E (1 k 6 ) ( ( p  + 1)/2) (mod p ) .  As in the proof of 
Theorem 1, this restricts us to primes for which 5 is a quadratic 
residue. There is, however, the further restriction that both a and 
/3 = - l /a  must be primitive in GF(p) .  Since 1 / a  is primitive iff 
a is primitive, the extra condition is that the factor of - 1 must not 
destroy primitivity. Now, multiplication by - 1 preserves primitiv- 
ity iff - 1 is a quadratic residue mod p,  which occurs iff p = 1 
(mod 4). Combined with the requirement that 5 be a quadratic 
residue, namely p = f 1 (mod IO), this restricts G4 to primes 
p = 1 (mod 20) or p = 9 (mod 20). 

It remains only to show that all primes in these two residue 
classes modulo 20 for which the T, construction occurs also have 
the G4 construction, and that no other such primes have the G4 
construction. 

If f ( x )  = x2 + x - 1 then f ( - x )  = x2 - x - 1 ,  so the roots 
of x 2  - x - 1 are the negatives of the roots of x2 + x - 1. Also, 
we are considering only primes for which a factor of - 1 has no 
effect on primitivity. We have already seen that the roots of 
x2 - x - 1 are primitive or imprimitive together in the fields under 
consideration, so this also must hold for the roots of x 2  + x - 1.  
By Theorem 1, the construction occurs iff at least one of the 
roots of x 2  + x - 1 is primitive in GF( p ) ;  but for p = 1 , 9  (mod 
20) this will mean that both roots are primitive, and also that both 
roots of x2 - x - 1 will be primitive. Conversely, if a root of 
x 2  - x - 1 is not primitive, then both its roots are imprimitive, and 

0 

= 1 and 
ap = - 1, certain symmetries can be expected relative to the main 
diagonal. 

the roots of x2  + x - 1 are also imprimitive. 

In the G4 construction for Costas arrays, since a + 

Theorem 4: Every Costas array given by the G4 construction 
modulo a prime p > 5 has the points (1, 1) and ( ( p  - 3)/2, ( p  - 
3)/2) on the main diagonal, and the pairs of points (2, p - 2), ( p  
- 2 , 2 ) a n d ( ( p +  1 ) / 2 , ~ - 3 ) , ( p -  3 , ( p +  1)/2)situatedsym- 
metrically with respect to the main diagonal. 

Proof: Since a + (3 = a’ + 6’ = 1, ( 1 ,  1) is a point of the 
= array. From a = - @ - I  and p = - a - ’ ,  and using 

p(P-1)/2 = - 1, it follows that = (-  1)(p-l) = @ ( P - 1 ) / 2 p - 1  = 
p ( P - 3 ) / 2 ,  and similarly (3 = ( -  I ) ( ( y - l )  = ,(P-1)/2cy-1 = 
a ( P - 3 ) / 2 .  Thus, 1 = cy + p = / 3 ( P - 3 ) / 2  + ~ ( p - ~ ) / * ,  whence ( ( p  - 
3)/2, ( p  - 3)/2) is a point of the array. 

From Definition 2, a’ + p- ’  = 1; that is, a2 + p p - 2  = 1, and 
(2, p - 2)  is a point of the array. From a p  = - 1, p2 + a-’ = 

pz - = 1, because (as shown in the proof of Theorem 2), @ is a 
root of x 2  - x -  1 = 0. Hence, ( -1 ,2)  = ( p  - 2 ,2 )  is also a 
point of the array. Next, + p ( P + ’ ) / 2  = a-2  + 0 .  p(P-1 ) /2  
= p2 - (3 = 1, and similarly p P - 3  + a(p f1 ) /2  = (3-* + a . 
a(P-11’2 = a2 - a = 1 ,  from which both ( p  - 3, ( p  + 1)/2) and 

0 
Note: Fig. 1 shows that, except for the six points identified in 

Theorem 4, none of the other points of the G4 construction need be 
symmetrically situated relative to the main diagonal. 

( ( p  + 1)/2, p - 3) are points of the array. 
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Generalized Chirp-Like Polyphase Sequences with 
Optimum Correlation Properties 

Branislav M. Popovid 

Abstract-A new general class of polyphase sequences with ideal 
periodic autocorrelation function is presented. The new class of se- 
quences is based on the application of Zadoff-Chu polyphase sequences 
of length N = sm2, where s and m are any positive integers. It is shown 
that the generalized chirp-like sequences of odd length have the opti- 
mum crosscorrelation function under certain conditions. Finally, re- 
cently proposed generalized P4 codes are derived as a special case of the 
generalized chirp-like sequences. 

Index Terms-Sequences, codes, spread-spectrum, radar, pulse com- 
pression. 

I. INTRODUCTION 
Sequences with ideal periodic autocorrelation function [ 11 - [5]  are 

finding their applications in the field of spread spectrum communica- 
tions [I], construction of (super) complementary sets [6],  [7], etc. 
These sequences usually have small aperiodic autocorrelation and 
ambiguity function sidelobes, so they are very useful in the pulse 
compression radars (71-[IO]. 

On the other hand, spread spectrum multiple access systems 
demand minimum possible crosscorrelation between the sequences 
within selected set of sequences having good periodic autocorrela- 
tion function properties. Sarwate [5]  has shown that the maximum 
magnitude of the periodic crosscorrelation function and the maxi- 
mum magnitude of the periodic autocorrelation function are related 
through an inequality, which provides a lower bound on one of the 
maxima if the value of the other is specified. By using this inequal- 
ity the optimum correlation properties of the set of sequences can be 
defined. So, when the maximum magnitude of the periodic autocor- 
relation function equals zero, from the Sarwate’s inequality it 
follows that the lower bound for the maximum magnitude of the 
periodic crosscorrelation is equal to d??, where N is the length of 
sequences. 

In this correspondence, we shall present a new general class of 
polyphase sequences with ideal periodic autocorrelation function, 
having at the same time the optimum crosscorrelation function. The 
new sequences can be classified as the modulatable orthogonal 
sequences, according to the terminology from [ 11. The generalized 
Frank sequences, of length N = m 2 ,  where m is any positive 
integer, are presented in [l] as the only known example of the 
modulatable orthogonal sequences. It is noticed that these sequences 
also have interesting aperiodic autocorrelation function properties 
[lo]. 

In Section 11, the basic definitions are given. In Section 111, we 
present the generalized chirp-like sequences. In Section 111-A, we 
show that the generalized chirp-like sequences have the ideal peri- 
odic autocorrelation function. Section 111-B concerns the periodic 
crosscorrelation function of the generalized chirp-like sequences. 
Finally, in Section IV, we show that the recently proposed general- 
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