4260

Finally, we do an exhaustive search to see if any 9-set can be ex-
tended to a code using the vertices in the corresponding list.

Example 4: The binary expressions of the
4,6,9,19,26,34,53,90,93,107,108,113,118,121
2-identifying code C; of length 7 and cardinality 14.

The binary expressions of the numbers 7,9, 26,36, 55,63, 64, 85,
107,114,144,163,174, 185, 205,211, 220,222,232, 244, 246 form
a 2-identifying code Cs of length 8 and cardinality 21.

The binary expressions of the numbers in the next table form a
2-identifying code Cy of length 9 and cardinality 36.

numbers
form a

8 9 22 49 60 76 91 98 116 | 133
152 | 166 | 171 | 189 | 195 | 204 | 222 | 232 | 253 | 270
272 | 291 | 301 | 327 | 375 | 377 | 383 | 406 | 411 | 416
450 | 466 | 469 | 486 | 493 | 506

The binary expressions of the numbers in the next table form a
2-identifying code Cio of length 10 and cardinality 63.

10 31 36 49 69 92 114 | 128 | 159 | 175
179 | 195 206 | 233 | 244 | 262 | 272 | 330 | 343 | 346
355 | 364 | 375 377 | 397 | 408 | 430 | 435 | 465 | 485
521 | 526 | 531 571 | 614 | 616 | 629 | 635 | 657 | 679
684 | 690 | 724 | 729 | 733 | 762 | 766 | 782 | 786 | 789
813 | 824 828 834 | 860 | 900 | 923 | 930 | 967 | 969
993 | 994 | 1021

By adding to Ci the binary expressions of the numbers 26, 62,132,
205,451,467,620,624,704,718,793,1017 and removing 834 we
get a 2-identifying code D1 of cardinality 74. The code D¢ has the
property that Vo € F'°3c¢ € Dyg : d(x,¢) = 2. Theorem 4 shows
that Dio & I is 2-identifying of length 11 and cardinality 148.

By adding to Cio the binary expressions of the numbers
132,205,451,620,624,793,1017 we get a 2-identifying code
&0 of cardinality 70. The code &;p has the property that
Ve € &ro 1 < d(e,&0 \ {c¢}) < 2. Theorem 4 shows that
E1o0 @ F? is a 2-identifying code of length 12 and cardinality 280.
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The Status of Costas Arrays

Solomon W. Golomb, Fellow, IEEE, and Guang Gong, Member, IEEE

Abstract—The definition, the basic properties, and all the currently
known systematic constructions for Costas arrays are presented, as well as
a table of the number C(n) of Costas arrays of order n, for 2 < n <
26. It is proved that limsup, _ __C(n) = oo, and the conjecture
liminf, , . C ( n) = 0 is discussed. A Costas array of order n is known to
be equivalent to a permutation of {1, 2, . .. , n} for which the difference tri-
angle contains no repeated elements in any row. A generalized Costas array
ofordern = g — 1 (orn = g — 2)is defined as a permutation of the nonzero
elements (or also excluding 1) of the ¢-element field for which the difference
triangle contains no repeated elements in any row. Two new constructions
for these generalized Costas arrays are described and illustrated.

Index Terms—Costas array, difference triangle, generalized Costas
array, permutation.

1. THE BASIC DEFINITIONS

A Costas array of order n, also called an n x n Costas array, is a
subset C of size n of the n? lattice points (7, 7) with 1 < ¢, j < n, such

that no two of the n lattice points in C' are in the same row or column,

and such that no two of the (Z) line segments between pairs of points

in C agree in both magnitude_and slope. Fig. 1 shows a Costas array of
order 4.

The four points of the array are at (1,2),(2,1),(3,3), and (4,4).
Among the six line segments connecting pairs of points, two have
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Fig. 1. A Costas array of order 4.

TABLE 1
THE NUMBER C'(n) OF COSTAS ARRAYS OF ORDER n
(Here ¢(n) is the number of these inequivalent relative to the eight-element
symmetric group of the square m X n array, and s(n) is the number of
symmetry Costas arrays of order n.)

[ n

[ Cn) [ cn) [ s(n) ]

2 2 1 1
3 4 1 1
4 12 2 1
5 40 6 2
6 116 17 5
7 200 30 10
8 444 60 9
9 760 100 10
10 | 2160 277 14
11 4368 555 18
12 | 7852 990 17
13 | 12828 | 1616 25
14 | 17252 | 2168 23
15 | 19612 | 2467 31
16 | 21104 | 2648 20
17 | 18276 | 2294 19
18 | 15096 | 1892 10
19 | 10240 | 1283 6
20 | 64064 810 4
21 3536 446 8
22 | 2052 259 5
23 872 114 10
24 200 25 0
25 88 12 2
26 56 8 2

length v/2, two have length 1/5, and two have length 1/13. However,
whenever two line segments have the same length, their slopes are dif-
ferent. For example, the two segments of length v/2, connecting (1, 2)
to (2,1) and (3, 3) and (4, 4), have respective slopes —1 and +1.

Costas arrays were introduced in [3] for applications to sonar and
radar as frequency-hopping patterns. At each of n consecutive time in-
tervals t1,t2,...,%,, a different frequency is transmitted from a set
of n adjacent frequencies fi, f2, ..., fn, in such a way that the am-
biguity function (the two-dimentional autocorrelation function in both
time and frequency), while having the value n at (At, Af) = (0,0),
has only the values 0 or 1 at any shift (At,Af) # (0,0). This ideal
(or thumb-tack) ambiguity function is best possible for determining the
range (proportional to the time shift) and Doppler (the velocity to or
from the observer, proportional to the frequency shift) of a target. This
correspondence describe what is known, and not yet known, about con-
structions for Costas arrays, and a new generalization.

II. A SUMMARY OF APPROACHES

To date, two approaches have been followed to identify Costas ar-
rays. One has been exhaustive search, by computer, to find all n X n
Costas arrays, which has currently been completed for n < 26 [3],
[13], [11, [2], [16] (also [17] for n = 26). (See Table 1.) The other has
been the discovery of specific constructions which provide examples of
Costas arrays for many different values of n, [8]-[10]. All the specific
construction methods which have been found are related to primitive
roots in finite fields, or involve the opportunistic adjoining of an extra
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“dot,” usually at a corner, to go from an example of size n to one of
sizen + 1.

For many years, n = 32 and n = 33 have been the smallest values
for which no Costas arrays have been known [8]. The last publica-
tion that described new specific constructions appeared in 1992 [10]. If
there are as yet undiscovered specific constructions, one possible way
to identify them may be to look at examples found by exhaustive com-
puter search that do not arise from any of the known constructions, and
attempt to identify patterns in their formation. (Note. Interest in the re-
search on Costas arrays has increased recently. There is a website [11]
which provides a database for up-to-date publications or technical re-
ports on Costas arrays, a survey article [5], and an invited talk on Costas
arrays [7] given by the first author.)

III. KNOWN SYSTEMATIC CONSTRUCTIONS

A. The Welch Construction

For every prime p > 2, let g be any one of the ¢(p — 1) primitive
roots mod p, where ¢ is Euler’s ¢-function. Then, the pairs (3, g7 ) for
1 < j < p — 1 are the coordinates of the points in an order (p — 1)
Costas array.

Since (p — 1,g° ') = (p — 1,1) is a “corner dot” of the foregoing
Costas array, the row and column of this corner dot can be removed to
obtain an order (p — 2) Costas array.

Finally, if ¢ = 2 is primitive mod p, which is believed (by Artin’s
conjecture) to occur for a positive percentage of all prime numbers,
(1,2) becomes a corner dot after the removal of the row and column of
(p — 1, 1), which may be removed (along with its row and column) to
obtain an order (p — 3) Costas array.

B. The Lempel Construction

For every finite field of ¢ > 2 elements (where ¢ = p*, for all
primes p and all positive integers k, such that ¢ > 2), let & be any one
of the ¢(q — 1) primitive elements (i.e., generators of the multiplicative
group) of GF (¢). Then the pairs (¢, j) with 1 < ¢, j < ¢ — 2 such that
o'+’ = 1 are the coordinates of the points in an order (¢ —2) Costas
array. (Note that this Costas array is symmetric relative to the i = j
diagonal.)

When ¢ = p > 2 is a prime, with the primitive root & = 2, then
(i,7) = (¢ — 2,q — 2) is a corner dot which (together with its row
and column) can be removed to give an order (p — 3) Costas array,
which is still symmetric relative to the ; = j diagonal. It is therefore
distinct from the order (p — 3) Costas array obtained from the Welch
construction for the same prime p with primitive root 2. (Note that any
Costas arrays obtained from the Welch construction are not symmetric
relative to the ¢+ = j diagonal. A detailed proof for this result can be
found in [6], [4].)

C. The Golomb Construction

This is a generalization of the Lempel construction. Let v and 3 be
any two primitive elements in the field GF (¢), and use the pairs (i, j)
with1 < 4,j < ¢ — 2 as the coordinates of points in a Costas array
whenever ' 4+ 37 = 1. This gives an order (¢ — 2) Costas array for
all ¢ > 2, which is the Lempel construction if and only if a = 3. (It is
a rotation of the Lempel construction if o = 37 '.) In general it is not
symmetric.

By a theorem of Moreno et al. [12], proving a conjecture of Golomb
[9], for every ¢ > 2 it is possible to find primitive elements o and 3 in
GF (g) suchthat «+ 3 = 1. (Here a and 3 are not necessarily distinct.)
In the Golomb construction, this yields an order (¢ — 2) Costas array
with (1, 1) as a corner dot. Removing this corner dot, with its row and
column, produces an order (g — 3) Costas array for every ¢ > 2 where
q=7p"p prime and & > 1.
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In the special case ¢ = 2%,k > 1, from a + 3 = 1 we also have
a? + 3% = 1, so that (2,2) is also a point of the Costas array, which
becomes a corner dot after (1, 1), together with its row and column, is
removed. When also (2, 2), along with its row and column, is removed,
a Costas array of order (2% — 4) results.

Proofs of the validity of the Welch, Lempel, and Golomb construc-
tions are given in [8].

D. Taylor’s Ty Construction

If, in the field GF (g), there is a primitive element o with a4+ = 1,
then in the Lempel construction both (1,2) and (2, 1) are points of the
Costas array of order ¢ — 2. Removing the two rows, and two columns,
containing (1,2) and (2, 1), an order (¢ — 4) Costas array results.

In [10] it is shown that this situation arises for ¢ = 4,¢ = 5,¢ = 9,
and for those prime values of ¢ = p = £1(mod 10) where at least one
of the roots of 2% 4 = — 1 is a primitive root modulo p.

Notethata + 32 = 1,0° + 3 = 1, witha # S leadstoa — 3 =
a? — 3% 1 = o+ 4, hence, « = o? and 3 = 3%, so a and 8
cannot be primitive modulo p for any prime p. (This rules out a possible
generalization of the T} construction.)

E. The G4 and G5 Constructions

In the field GF (¢), if there are two primitive roots v and 3 with
a+8 = landa®+37" = 1,thenalso ™' +3% = 1,as shownin [10].
When this occurs, using the Golomb construction, since ol + [31 =
1, (1,1) is a corner dot which can be removed (together with its row
and column), so that (2, —1) = (2, ¢ — 2) becomes a corner dot which
can be similarly removed Also, (—1,2) = (¢ — 2,2) is now a corner
dot, which can also be similarly removed. This process yields Costas
arrays of successive orders ¢ — 2, ¢ — 3,¢ — 4, and ¢ — 5. The values
of ¢ for which this construction occurs are ¢ = 4,9 = 5,¢q = 9,
and those primes p for which the 74 construction occurs which satisfy
either p = 1(mod 20) or p = 9(mod 20), as shown in [10].

FE. A Construction of Very Limited Use

Another possible way to go fromn = ¢—2 successivelyton = ¢—3
and n = ¢ — 4, for n X n Costas arrays, is to find two primitive roots
« and 8 in GF(¢) where both o + 3 = land o ' + 37! = 1,
which would give dots at the diametrically opposite corners (1, 1) and
(=1,-1) = (¢ — 2,q — 2). This actually occurs for ¢ = 7, with
«a = 3 and 5 = 5. (Here al'=5and3 ' =3,sothat e + 3 =
a”™'4+ 47" = 1(mmod 7). However, this cannot work for any ¢ > 7 for
the following reason. From o + 8 = land o™ 4+ 7' = 1, we have
f=l-aa+(1l-a)'=La'l-a)+l=1-a,a =
1 — o, and o® — & + 1 = 0. Thus, « is a root of > — = + 1, which
is a factor of ° — 1, so that a® = 1. Given that o must be primitive,
g—1<6andg <T7.

Essentially the same argument shows that if two primitive elements
o and 3 in GF (¢) satisfy botha+ 37 ' = land o~ ' 4+ 3 = 1 giving
corner dots at (1,¢ — 2) and (¢ — 2,1),, then again o® — a + 1 =
0,a® = 1, and « cannot be primitive for ¢ > 7.

IV. ON THE ABUNDANCE OF COSTAS ARRAYS

A. Do Costas Arrays Become Extinct?

In [18], Silverman et al. presented a probabilistic argument to sug-
gest that C'(n), the number of n X n Costas arrays, should go to 0
for large n. Indeed, as seen in Table I, the values of C'(n) for 2 <
n < 26, the value of C'(n) increases monotonically from C'(2) = 2
to C(16) = 21 104, beyond which it decreases monotonically down
to C(26) = 56. The reduced number c¢(n) of n x n Costas arrays
when patterns which differ only by symmetries of the square are not
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considered distinct, exhibits similar behavior, from ¢(2) = 1 up to
¢(16) = 2648 and then down to ¢(26) = 8. However, from Section III,
we know that there are systematic constructions for n X n Costas ar-
rays for arbitrarily large values of n, since the sequence of the prime
numbers is infinite. The pessimistic assumption would be that for large
n, only the examples obtained from these known constructions exist.
By this reasoning, quite possibly C'(32) = C(33) = 0.

B. Lim Sup C(n) = coasn = oo

While it is possible, as just discussed, that liminf C(n) = 0 as
n — oo, it is provable that lim sup C'(n) = oo as n — oo. Specif-
ically, using only the Welch construction when n = p — 1, where p
is prime, there are ¢(p — 1) different primitive roots mod p, so that
C(p—1) > ¢(p — 1) for every prime p. It is well known (see [15])
that ¢(m) > m'~* for all m > mo(€). Hence, the value of C'(n) be-
comes arbitrarily large as n takes the successive values p; — 1, where
p; is the jth prime number.

C. Specific Large Values of C'(n)

Atp = 65,537 = 216 4 1, the largest known Fermat prime, we
have p — 1 = 216 and o(p—1) = 2'® . Thus, from the Welch con-
struction alone, C'(2'%) > 2'® = 32 768, an even larger number than
C'(16) = 21 104. However, we can find a much bigger lower bound for
C(2'% — 1) = C(65,535). Specifically, there are still 2'* Costas ar-
rays from the Welch construction at p — 2. In addition, from the Lempel
and Golomb constructions, the number of ways to pick two primi-
tive roots «v and 3, not necessarily distinct, from the set of 215 such
roots, is (2',71) = 2'#(2'® 4+ 1) = 536,887,296, a lower bound
for C'(65,535). As large as this number seems, it is microscopic in
comparison with 65, 535!, the total number of permutation matrices of
order n = 65,535.

D. General Large Values of C'(n)

As already observed, since there are infinitely many primes, we can
get C'(n) > x for any preassigned value of 2 by finding a prime p with
¢(p — 1) > w, and using the Welch construction for n = p — 1.

It is widely believed, though not yet proved, that there are infinitely
many twin primes, integers p, and r = p + 2 that are both prime. Using
the Golomb construction on the ¢(r — 1) primitive roots modulo 7 to
get order r — 3 = p — 1 Costas arrays, these will be distinct from
the ¢(p — 1) Welch constructions for order p — 1 Costas arrays. (The
combined number depends on the number of pairs of primitive roots o
and 3, modulo », with v + 3 = 1.)

Generally, the largest contribution to C'(n) from systematic con-
structions occurs when n = ¢ — 2 (where ¢ is any power of any prime)
using the Golomb construction with any two primitive roots « and 3
from the multiplicative group of GF (¢).

V. SEARCHING FOR OTHER SYSTEMATIC CONSTRUCTIONS

A. One Specific Possibility

The pairs (a,a®) modulo p, for 1 < a < 1)2;1, for all primes
p > 2, have the property that when plotted on a ’);1 X (p—1)
grid, all the vectors connecting pairs of these points are distinct. It
is not clear whether these “semi-Costas arrays” can be extended to
full Costas arrays, for some or all p, in any systematic way, or at all.
Beside looking for pairs (a, f(a)) for PQi < a < p—1 to complete
the Costas array, the original pg—l points can be spaced twice as far
apart, to provide either (2a,a?) or (2a — 1,4?), where the missing
points to be provided for a full Costas array must be placed in the
P;—l vacant columns. Even if this strategy can be made to work, the
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resulting n X n Costas array has order n = p — 1, for which we
already have the Welch construction.

B. Pattern Recognition

For values of » where all n x n Costas arrays have been found, it
is possible to look at those which do not arise from any of the known
systematic constructions, in order to see if any discernible pattern
appears. The challenge here is to recognize a pattern even if there is
one.

For example, in the Golomb construction with o + ;BJ = 1, the
plotted pairs have the form (i,log(1 — a')), where “log;(1 — a')”
is an example of a discrete logarithm, to the base /3, in the field of ¢
elements. Since the “discrete logarithm problem” is known to be com-
putationally hard, these pairs (¢, ) would be very difficult to recog-
nize as a pattern if one had not been told in advance. In fact, a rea-
sonable cryptographic system could be based on encrypting numbers
i,1 < i < g — 2, by picking two primitive elements o and 3 from
GF (¢), and setting 7 () = log (1 — o), where 7 is a permutation on
the set {1,2,...,g — 2}. ‘

Every n x n Costas array is a permutation on {1,2,...,n}, but for
large n very few permutations are Costas arrays. The Costas property
can be verified by calculating the difference triangle, and checking that
no row contains any repeated entry.

For example, (¢,3') modulo 7 gives the permutation that maps
(1,2,3,4,5,6) onto (3,2,6,4,5,1), and the difference triangle is

3, 2, 6,

3, 2,

with no repeated entry in any row.
On the other hand, the permutation (2,5, 4,1, 3, 6) has the differ-
ence triangle

2, 5 4, 1, 3 6
3, -1 -3, 2 3
2 —4, -1 5
-1 -2, 2,
1 1
4

Here we see a repeated “3” in the second row, and a repeated “1” in
the fifth row. This corresponds to repeated vectors forming the sides
of a parallelogram in the corresponding Costas-like array, violating the
Costas property. This property of the difference triangle (no repeated
entry in any row) is a necessary and sufficient condition for the per-
mutation to be a Costas array. It may be helpful in recognizing new
patterns which correspond to Costas arrays, and possibly in suggesting
new patterns.

VI. OTHER INDEX SETS

The horizontal and vertical axes of a Costas array of order n are in-
dexed with n consecutive integers, suchas 1,2,...,nor0,1,....,n—
1. Designs analogous to Costas arrays can be described where the index
sets on the two axes come from a different arithmetic system, e.g., from
the additive group of the finite field GF (p*) with k& > 1. For some pa-
rameter j, the index set is some #(j), in GF (pk), and the pairs (x, y)
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TABLE II
A PERMUTATION OF GF (27%)

T = f(@) =xz+ | s where

i@+ | 2® | (1+)2® | 1+0)2® | f(z) =
(1+4)°
0 1 1 141 -1+ 7
1 1414 1—1 -1 % 6
2 —1 % -1+ -1 4
3 1—1 1+1 —1 1+ 1
4 —1 1 —1—1 1—1 3
5| —-1—3 | =144 1 —1 2
6 7 —1 1—2 1 0
7] -143 | -1—1 % —1—1 5
TABLE III
THE DIFFERENCE TRIANGLE GIVEN BY f(x)
[=1+:] i 1] 144[1-i] —i] 1]-1-4]
I, -1-4¢] —1+3 i] —1]1+:|1—1
—1 1| —-1—3|—-1+3 [ -1
-1 —-1+1 1—1 —1 1
-1+ % —1 1+
1414 1—1 —1
—1—3| —1+1
i
of the generalized Costas array correspond to = (x 5) = (t(1)),

and y = (y;), which are some permutations of the elements () such
that the difference triangle described in Section V-B has no repeated
entries in any row. There may not actually be any mapping from the
values of ¢(j) onto the integers from 1 to n that will turn the general-
ized Costas array into an ordinary Costas array. In the following, we
first describe this approach by an example. Then we will give two gen-
eral constructions for generalized Costas arrays using linearized per-
mutation polynomials.

Example 1: We consider a finite field GF (3?) which is defined by a
primitive polynomial () = 2%+ — 1 over GF (3). In the following,
alternatively, we represent a primitive element 1 + 7 in GF (3?) anal-
ogous to the imaginary number 7 in the complex field (i.e., i* = —1).
Let f(x) = x + (1+)z>. Then f(x) with £(0) = 0 is a permutation
of GF (3?) as is shown in Table II.

We define an index set by #(j) = (1 4 ). Then the permutation

as shown in Table III, with no repeated entry in any row. Thus, the pairs
(t(5), f(t(5)),7 = 0,1,...,7 form an order 8 generalized Costas
array.

In the following, we set ¢ = p* and let GF (¢)* be the multiplicative
group of GF (g).

Construction A: Let o be a primitive element in GF (¢) where
k > 1, and let an index set be (¢(j)) where t(j) = a’,j =

0,...,4 — 2. Let f(x) be a linearized permutation polynomial of
GF(q),ie., f(x) = Zﬁ;& c;jz?", where ¢; € GF(q) is a permutation

of GF (¢). Let ged(d,¢ — 1) = 1, and g(x) = f(a"). Let the pairs
(z,9(x)),r =a’,j=0,1,...,q—2 be the coordinates of the points
in the Cartesian plane GF (¢)* x GF (q)*.

Theorem 1: The above construction gives an order (¢ — 1) general-
ized Costas array.

Proof: Since ged(d,q — 1) = 1, then 2" is a permutation of

GF (¢). Together with f(x) being a permutation of GF (¢), it follows

that g(2) = F(z") is a permutation of GF (¢). Thus, we only need to

show the difference triangle property. Leta; = f (a¥ ),0<j < g-1.

Then we need to show that Ts = {asy;—a; | j=0,1,...,(¢g—1)—s—1}
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has no repeated term for each s with 1 < s < ¢ — 1. Using the linearity
of f, we have

topi —a; = f(a?T) — f(a®)
= F((aXF) _ oy

f
f(adi a/ds _ 1))

If there are two equal terms in 7, say as1; — @; = as4; — a; where
0<i#j<q—-1-s < q—1,applying the above identity and
noting that gcd(d, ¢ — 1) = 1, we have

fl@®(@®™ = 1) = f(a¥(a®™ - 1))
= a”(a™ - 1) =a¥(a® - 1))

:}dezad]:i:j

which contradicts i # j. O

Remark: If k = 1, then ¢(j) is an element in GF (p), which can
be regarded as a number in the range of 1,2,...,p — 1. Thus, the
above construction for a generalized Costas array can be considered
as a generalization of the Welch construction for & > 1.

From Construction A, the pairs (o, g(a?)),0 < j < ¢ can be
described as the pairs (a?, f(,[)'"' )),0 < j < ¢ where both « and 3
are primitive elements in GF (g¢). From this interpretation, we have the
following construction which can be considered as a generalization of

the Lempel and Golomb constructions indexed in GF (¢)*.

Construction B: Let both « and 3 be primitive elements in
GF (q), and f(«) be a linearized permutation polynomial of GF (q)
with f(1) = 1. Let the pairs (o, 37),1 < j < ¢ — 1 where
ol + £(8 i )) = 1, be coordinates of the points in the Cartesian plane
E x E where E = GF (¢)\{0, 1}.

Theorem 2: These coordinates form an order (¢ — 2) generalized
Costas array.
Proof: Note that /37('7), 1 < j < ¢ — 1 is a permutation of E.
We only need to show that (aﬂ ﬂr(j)), 1 < j < q — 1 satisfies the
difference triangle property, i.e., a list of ,ﬁT(H“’) - ;BT(j), 1 <5<
q — 1 — s has no repeated elements for each 5,1 < s < ¢ — 1. If there
exist some 1 < i # j < ¢ — 1 — s such that

/37(i+8) _ /37'(2') — ﬁ"(]ﬁrs) _ ﬁ"(i)7

applying f to both sides of the above identity and using the linearity of
f, we have

f(/j’T(i+S)) _ f(,@T(i)> _ f(’/37(1+8)) _ f(ﬁ"(i)).

By the definition, we have f(37(?) = 1 — a’. Substituting this into
the above identity, we have

l—at—(1-a)=1-"" - (1-0d))
B ai(l—as) :ouj(l—as)

which implies i = j, since 1 < s < ¢ — 1 and « is a primitive element
in GF (¢). This contradicts ¢ # j. O

We use an example to illustrate the result of Theorem 2.

Example 2: Let GF (2*) be defined by * + z + 1, a primitive poly-
nomial over GF (2), and let « be a root of this polynomial in GF (2%).
Let f(x) = ax+ a2z 4 a°2*. Then f(«) is a linearized permutation
polynomial of GF (2%) with f(1) = 1, which is as follows.
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The pairs (o', ?),i = 1,...,6 such that o' + f(a™@) = 1
where J = « are given by

o' =
co + cra + cp0?
i (co,c1,¢2) flah)
0 100 100
1 010 011
2 001 110
3 110 111
4 011 101
5 111 001
6 101 010

[i[rG) [o™@ ]
001
011
101
110
010
111

H

S T W N
QU= W O =N

[001]011]101[110] 010111 ]

010 | 110 | 011 | 100 | 101
100 | 101 | 111 | 001

111 | 001 | 010
011 | 100
110

which has the following difference triangle: with no repeated entry in
any row. Thus, these coordinates form an order 6 generalized Costas
array.
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On the Error Exponents of ARQ Channels With Deadlines

Praveen Kumar Gopala, Young-Han Nam, and
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Abstract—In this correspondence, we consider communication over Au-
tomatic Repeat reQuest (ARQ) memoryless channels with deadlines. In
particular, an upper bound L is imposed on the maximum number of ARQ
transmission rounds. In this setup, it is shown that incremental redundancy
ARQ outperforms Forney’s memoryless decoding in terms of the achiev-
able error exponents.

Index Terms—Erasure decoding, error exponents, incremental redun-
dancy Automatic Repeat reQuest (ARQ), joint decoding.

1. INTRODUCTION

In [1], Burnashev characterized the maximum error exponent achiev-
able over discrete memoryless channels (DMCs) in the presence of per-
fect output feedback. Interestingly, Forney has shown that even one-bit
feedback increases the error exponent significantly [2]. More specifi-
cally, Forney proposed a memoryless decoding scheme, based on the
erasure decoding principle, which achieves a significantly higher error
exponent than that achievable through maximum likelihood (ML) de-
coding without feedback [3]. In Forney’s scheme, the transmitter sends
codewords of block length N. After receiving each block of N sym-
bols, the receiver uses a reliability-based erasure decoder and feeds
back one ACK/NACK bit indicating whether it has accepted/erased
the received block, respectively. If the transmitter receives a NACK
message, it then retransmits the same V-symbol codeword. After each
transmission round, the receiver attempts to decode the message using
only the latest V received symbols, and discards the symbols received
previously. This process is repeated until the receiver decides to accept
the latest received block and transmits an ACK message back to the
transmitter.

Itis intuitive to expect a better performance from schemes that do not
allow for discarding the previous observations at the decoder, as com-
pared with memoryless decoding. Our work here is concerned with one
variant of such schemes, i.e., Incremental Redundancy Automatic Re-
peat reQuest (IR-ARQ) [4]. We further impose a deadline constraint in
the form of an upper bound L on the maximum number of ARQ rounds.
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In the asymptotic case L — oo, we argue that IR-ARQ achieves the
same error exponent as memoryless decoding, denoted by Er(R). On
the other hand, for finite values of L, it is shown that IR-ARQ gener-
ally outperforms memoryless decoding, in terms of the achievable error
exponents (especially at high rates and/or small values of L). For ex-
ample, we show that L = 4 is enough for IR-ARQ to achieve Er(R)
for any binary symmetric channel (BSC), whereas the performance of
memoryless decoding falls significantly short from this limit.

The rest of this correspondence is organized as follows. In Section II,
we briefly review the memoryless decoding scheme without any delay
constraints, and argue that allowing for memory in decoding does
not improve the error exponent. The performance of the memoryless
decoder and the incremental redundancy scheme, under the deadline
constraint, is characterized in Section III. In Section IV, we consider
specific channels (like the BSC, VNC and AWGN channels) and
quantify the performance improvement achieved by incremental re-
dundancy transmission. Finally, some concluding remarks are offered
in Section V.

II. THE ARQ CHANNEL

We first give a brief overview of the memoryless decoding scheme
proposed by Forney in [2]. The transmitter sends a codeword X,
of length N, where . € {1,---, M }. Here M represents the total
number of messages at the transmitter, each of which is assumed to
be equally likely. The transmitted codeword reaches the receiver after
passing through a memoryless channel with transition probability
p(y|xz). We denote the received sequence as y. The receiver uses an
erasure decoder which decides that the transmitted codeword was X
iff y € R, where

R =dy: P(Y|Xm) > NT )

Zkinz p(y|xl‘)
where T > 0 is a controllable threshold parameter. If (1) is not satis-
fied forany m € {1,---, M}, then the receiver declares an erasure and

sends a NACK bit back to the transmitter. On receiving a NACK bit,
the transmitter repeats the codeword corresponding to the same infor-
mation message. We call such a retransmission as an ARQ round. The
decoder discards the earlier received sequence and uses only the latest
received sequence of N symbols for decoding (memoryless decoding).
It again applies the condition (1) on the newly received sequence and
again asks for a retransmission in the case of an erasure. When the de-
coder does not declare an erasure, the receiver transmits an ACK bit
back to the transmitter, and the transmitter starts sending the next mes-
sage. It is evident that this scheme allows for an infinite number of
ARQ rounds. This scheme can also be implemented using only one bit
of feedback (per codeword) by asking the receiver to only send back
ACK bits, and asking the transmitter to keep repeating continuously
until it receives an ACK bit. Since the number of needed ARQ rounds
for the transmission of a particular message is a random variable, we
define the error exponent of this scheme as follows.

Definition 1: The error exponent E(R) of a variable-length coding
scheme is defined as

E(R) = limsup — M ?)

N—oo T

where Pr(E) denotes the average probability of error, R denotes the
average transmission rate, and 7 = (In M/ R) is the average decoding
delay of the scheme, when codewords of block length NV are used in
each ARQ transmission round.
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