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Abstract—To date, two approaches have been followed to
identify Costas arrays. One has been exhaustive search, by
computer, to find all n X n Costas arrays, which has currently
been completed for n < 26. [1] [2] [3]. The other has been the
discovery of specific constructions which provide examples of
Costas arrays for many different values of n [4] [5] [6]. All the
specific construction methods which have been found are related
to primitive roots in finite fields, or involve the opportunistic
adjoining of an extra ‘“dot”, usually at a corner, to go from an
example of size n to one of size n + 1. For many years, n = 32
and n = 33 have been the smallest values for which no Costas
arrays are known [4]. The last publication that described new
specific constructions appeared in 1992 [6]. If there are as yet
undiscovered specific constructions, one possible way to identify
them may be to look at examples found by exhaustive computer
search that do not arise from any of the known constructions,
and attempt to identify patterns in their formation.
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I. KNOWN SYSTEMATIC CONSTRUCTIONS
A. The Welch Construction

For every prime p > 2, let g be any one of the ¢(p — 1)
primitive roots mod p, where ¢ is Euler’s phi-function. Then
the pairs (j,¢7) for 1 < j < p — 1 are the coordinates of the
points in an order (p — 1) Costas array.

Since (p — 1,¢9771) = (p — 1,1) is a “corner dot” of the
foregoing Costas array, the row and column of this corner
dot can be removed to obtain an order (p — 2) Costas array.
Finally, if ¢ = 2 is primitive mod p, which is believed (by
Artin’s conjecture) to occur for a positive percentage of all
prime numbers, (1,2) becomes a corner dot after the removal
of the row and column of (p — 1,1), which may be removed
(along with its row and column) to obtain an order (p — 3)
Costas array.

B. The Lempel Construction

For every finite field of ¢ > 2 elements (where ¢ = p”, for
all primes p and all positive integers &, such that ¢ > 2), let o
be any one of the ¢(q — 1) primitive elements (i.e. generators
of the multiplicative group) of GF(q). Then the pairs (4, )
with 1 < i,5 < ¢—2 such that o’ +a7 = 1 are the coordinates
of the points in an order (¢ — 2) Costas array. (Note that this
Costas array is symmetric relative to the 7 = j diagonal.)

When ¢ = p > 2 is a prime, with the primitive root o = 2,
then (4,j) = (¢—2,¢—2) is a corner dot which (together with
its row and column) can be removed to give an order (p — 3)
Costas array, which is still symmetric relative to the i = j
diagonal. It is therefore distinct from the order (p — 3) Costas
array obtained from the Welch construction for the same prime
p with primitive root 2.

C. The Golomb Construction

This is a generalization of the Lempel construction . Let o
and (3 be any two primitive elements in the field GF(q), and
use the pairs (¢,7) with 1 < 4,j < ¢ — 2 as the coordinates
of points in a Costas array whenever o + 3/ = 1. This gives
an order (¢ — 2) Costas array for all ¢ > 2, which is the
Lempel construction if and only if « = . (It is a rotation
of the Lempel construction if « = 1) In general it is not
symmetric.

By a theorem of O. Moreno et al. [7], proving a conjecture
of Golomb [5], for every ¢ > 2 it is possible to find primitive
elements « and 3 in GF'(q) such that o+ = 1. (Here o and 3
are not necessarily distinct.) In the Golomb construction, this
yields an order (¢—2) Costas array with (1, 1) as a corner dot.
Removing this corner dot, with its row and column, produces
an order (g — 3) Costas array for every ¢ > 2 where ¢ = p*, p
prime and k > 1. In the special case ¢ = 2’“,/{ > 1, from
a+ B = 1 we also have o? + 3% = 1, so that (2,2) is
also a point of the Costas array, which becomes a corner dot
after (1,1), together with its row and column, is removed.
When also (2, 2), along with its row and column, is removed,
a Costas array of order (2F — 4) results.

Proofs of the validity of the Welch, Lempel, and Golomb
constructions are given in [5].

D. Taylor’s Ty Construction

If, in the field GF(q), there is a primitive element o with
a + a2 = 1, then in the Lempel construction both (1,2) and
(2,1) are points of the Costas array of order ¢ — 2. Removing
the two rows, and two columns, containing (1,2) and (2, 1),
an order (¢ — 4) Costas array results.

In [6] it is shown that this situation arises for ¢ = 4, ¢ =
5, ¢ =9, and for those prime values of ¢ = p = +1(mod 10)



where at least one of the roots of 22 + x — 1 is a primitive
root modulo p.

Note that o + 32 = 1, o? + 3 = 1, with a # 3 leads to
a—fB=a?>—-p% 1=oa+p, hence @ = a? and 3 = 52, so
« and 3 cannot be primitive modulo p for any prime p. (This
rules out a possible generalization of the 7}y construction.)

E. The G4 and G5 Constructions

In the field GF(q), if there are two primitive roots «
and 8 with a« + 8 = 1 and a® + 87! = 1, then also
a~! + 32 =1, as shown in [6]. When this occurs, using the
Golomb construction, since o' +3' =1, (1,1) is a corner dot
which can be removed (together with its row and column), so
that (2, —1) = (2,¢q — 2) becomes a corner dot which can be
similarly removed Also, (—1,2) = (¢ — 2,2) is now a corner
dot, which can also be similarly removed. This process yields
Costas arrays of successive orders ¢ — 2, ¢ — 3, ¢ — 4 and
q — 5. The values of ¢ for which this construction occurs are
q=4, ¢ =05, ¢ =29, and those primes p for which the 7}
construction occurs which satisfy either p = 1(mod 20) or
p =9 (mod 20), as shown in [6].

FE. A Construction of Very Limited Use

Another possible way to go from n = g — 2 successively to
n = qg—3 and n = q¢—4, for n x n Costas arrays, is to find two
primitive roots o and 5 in GF'(¢q) where both o+ =1 and
a~t + 37! =1, which would give dots at the diametrically
opposite corners (1,1) and (—1,—1) = (¢ — 2, ¢ — 2). This
actually occurs for ¢ = 7, with @« = 3 and § = 5. (Here
a ! =5and 7! =3, sothat o+ 3 = ot + 57! =
1(mod 7). However, this cannot work for any ¢ > 7 for the
following reason. From oo+ 3 =1 and o~ ! + 871 =1, we
have B =1-a, at+(1-a)t=1Lal(l-a)+1=
l—a, ot =1-q, and &®> —a+ 1 =0. Thus « is a root
of 2 — x + 1, which is a factor of 2% — 1, so that o® = 1.
Given that o must be primitive, ¢ —1 < 6 and ¢ < 7.

Essentially the same argument shows that if two primitive
elements o and 3 in GF(q) satisfy both o + 37! = 1 and
a~! + 8 =1 giving corner dots at (1,q — 2) and (¢ — 2, 1),
then again a? —a+1 =0, a® = 1, and o cannot be primitive
for g > 7.

II. ON THE ABUNDANCE OF COSTAS ARRAYS
A. Do Costas Arrays Become Extinct?

In [8], Silverman et al. presented a probabilistic argument
to suggest that C'(n), the number of n x n Costas arrays,
should go to O for large n. Indeed, as seen in the table of
values of C'(n) for 2 < n < 26 ([9], p. 417), the value of
C(n) increases monotonically from C(2) = 2 to C(16) =
21,104, beyond which it decreases monotonically down to
C(26) = 56. The reduced number, c(n), of n x n Costas
arrays when patterns which differ only by symmetries of the
square are not considered distinct, exhibits similar behavior,
from C(2) = 1 up to ¢(16) = 2,648 and then down to ¢(26) =
8. However, from Section 1, we know that there are systematic

constructions for nxn Costas arrays for arbitrarily large values
of n, since the sequence of the prime numbers is infinite. The
pessimistic assumption would be that for large n, only the
examples obtained from these known constructions exist. By
this reasoning, quite possibly C(32) = C'(33) = 0.
B. Lim Sup C(n) =00 asn — oo

While it is possible, as just discussed, that lim inf C(n) =0
as m — 00, it is provable that lim sup C(n) = co as n — oo.
Specifically, using only the Welch construction when n = p —
1, where p is prime, there are ¢(p— 1) different primitive roots
mod p, so that C(p — 1) > ¢(p — 1) for every prime p. It is
well-known (see [10]) that ¢(m) > m!~=< for all m > mq(e).
Hence the value of C(n) becomes arbitrarily large as n takes
the successive values p; — 1, where p; is the j*® prime number.

C. Specific Large Values of C(n)

At p = 65,537 = 216 1 1, the largest known Fermat prime,
we have p — 1 = 26 and ¢(p — 1) = 2'5. Thus, from the
Welch construction alone, C'(216) > 2% = 32,768, an even
larger number than C'(16) = 21, 104. However, we can find
a much bigger lower bound for C(2!6 — 1) = C(65,535).
Specifically, there are still 2!5 Costas arrays from the Welch
construction at p—2. In addition, from the Lempel and Golomb
constructions, the number of ways to pick two primitive roots
a and (3, n01t5necessarily distinct, from the set of 215 such
2 ; L) 29142154 1) — 536, 887, 296, a lower
bound for C(65,535). As large as this number seems, it is
microscopic in comparison with 65,535!, the total number of
permutation matrices of order n = 65, 535.

D. General Large Values of C(n)

As already observed, since there are infinitely many primes,
we can get C'(n) > z for any preassigned value of = by finding
a prime p with ¢(p—1) > x, and using the Welch construction
forn=p-—1.

roots, is

It is widely believed, though not yet proved, that there
are infinitely many twin primes, integers p and r = p + 2
that are both prime. Using the Golomb construction on the
¢(r — 1) primitive roots modulo r to get order r —3 =p —1
Costas arrays, these will be distinct from the ¢(p — 1) Welch
constructions for order p — 1 Costas arrays. (The combined
number depends on the number of pairs of primitive roots «
and (3, modulo r, with o + 3 = 1.)

Generally, the largest contribution to C'(n) from systematic
constructions occurs when n = g — 2 (where ¢ is any power
of any prime) using the Golomb construction with any two
primitive roots « and [ from the multiplicative group of
GF(q).

III. SEARCHING FOR OTHER SYSTEMATIC
CONSTRUCTIONS
A. One Specific Possibility

The pairs (a,a?) modulo p, for 1 < a < 232, for all
primes p > 2, have the property that when plotted on a

p—1



%_1 X (p — 1) grid, all the vectors connecting pairs of these
points are distinct. It is not clear whether these “semi-Costas
arrays” can be extended to full Costas arrays, for some or
all p, in any systematic way, or at all. Beside looking for
pairs (a, f(a)) for 251 < a < p—1 to complete the Costas
array, the original pT_l points can be spaced twice as far apart,
to provide either (2a,a?) or (2a — 1,a?), where the missing
points to be provided for a full Costas array must be placed
in the % vacant columns. Even if this strategy can be made
to work, the resulting n x n Costas array has order n = p—1,
for which we already have the Welch construction.

B. Pattern Recognition

For values of n where all n x n Costas arrays have been
found, it is possible to look at those which do not arise from
any of the known systematic constructions, in order to see
if any discernable pattern appears. The challenge here is to
recognize a pattern even if there is one. For example, in the
Golomb construction with o’ + 39 = 1, the plotted pairs
have the form (i,logs(1 — a')), where “logs(1 — a’)” is an
example of a discrete logarithm, to the base (3, in the field of
q elements. Since the “discrete logarithm problem” is known
to be computationally hard, these pairs (¢, j) would be very
difficult to recognize as a pattern if one hadn’t been told in
advance. In fact, a reasonable cryptographic system could be
based on encrypting numbers ¢, 1 < ¢ < g — 2, by picking
two primitive elements o and 8 from GF(q), and setting
m(i) = logs(1 — '), where 7 is a permutation on the set
{1,2,...,q—2}.

Every n x n Costas array is a permutation on {1,2,...,n},
but for large n very few permutations are Costas arrays. The
Costas property can be verified by calculating the difference
triangle, and checking that no row contains any repeated entry.
For example, (i, 3") modulo 7 gives the permutation that maps
(1,2,3,4,5,6) onto (3,2,6,4,5,1), and the difference triangle
is:

3, 2, 6, 4, 5, 1
~1, 4, -2, 1, —4
3, 2, ~1, -3,
1, 3, -5,
2, ~1,
-2

with no repeated entry in any row. On the other hand, the
permutation (2,5,4,1,3,6) has the difference triangle:

2, 5, 4, 1, 3, 6
37 _17

Here we see a repeated “3” in the second row, and a repeated
“1” in the fifth row. This corresponds to repeated vectors
forming the sides of a parallelogram in the corresponding
Costas array. This property of the difference triangle is a
necessary and sufficient condition for the permutation to be
a Costas array. It may be helpful in recognizing new patterns
which correspond to Costas arrays, and possibly in suggesting
new patterns.

IV. REFERENCES

1) J.P. Costas, A study of a class of detection waveforms
having nearly ideal range-doppler ambiguity properties,
Proc. IEEE, 72 (1984), 996-1009.

2) O. Moreno, Survey of results on signal patterns for
locating one or multiple targets, in A. Pott et al. (Eds.),
Difference Sets, Sequences and their Correlation Prop-
erties (Bad Windsheim, 1998), NATO Adv. Sci. Inst. Ser.
C, Math. Phys. Sci. 542 (1999).

3) J.K. Beard, K. Erickson, and J.C. Russo, Combinatoric
collaboration on Costas arrays and radar applications,
Proc. 2004 IEEE Radar Conference, Piscataway, NIJ,
USA, 2004, 260-265,

4) S.W. Golomb and H. Taylor, Construction and properties
of Costas arrays, Proc. IEEE, 72 (1984), 1143-1163.

5) S.W. Golomb, Algebraic constructions for Costas arrays,
J. Combin. Theory (A), 37, (1984), 13-21.

6) S.W. Golomb, The T, and G4 constructions for Costas
arrays, IEEE Trans. Inform. Theory, 38, (1992), 1404-
1406.

7) O. Moreno, On primitive elements of trace equal to 1 in
GF(2™), Discrete Math. 41 (1984), 53-56.

8) J. Silverman, V.E. Vickers and J.M. Moody, On the
number of Costas arrays as a function of array size,
Proc. IEEE, 76 (1988), 851-853.

9) S.W. Golomb and G. Gong, Signal Design for Good

Correlation, New York, Cambridge University Press,

2005.

G.H. Hardy and E.M. Wright, An Introduction to the

Theory of Numbers, 5th ed., New York, Oxford Univer-

sity Press, 1980.

10)



