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Abstract-We give a closed form expression for the number of
Costas arrays of arbitrary order by counting them as lattice
points in the chambers of a related hyperplane arrangement and
suggest how recent algorithmic breakthroughs might be used to
find them.

I. INTRODUCTION

The transmit waveform for frequency-hopping radar and sonar
systems typically consists of a set of frequencies
{ fl I f2,. . . I fm } and time intervals {t1, t2,.. ..,t} on which exactly
one of the frequencies is transmitted. The received waveform
is well-modeled as a noisy time- and frequency-shifted copy of
this waveform so a key back-end signal processing step of
target detection algorithms for such systems is the formation of
the range-Doppler ambiguity function of the transmitted
signal. Costas arrays are of great interest because they
describe such transmit waveforms with excellent ambiguity
properties. When studying Costas arrays one assumes that
m=n but this is unnecessary in general and leads to the more
general waveform class of sonar sequences.

Definition 1.1 A Costas array (or constellation) of order n is
an n by n matrix C of zeroes and ones whose rows index
frequencies and columns index time intervals with exactly one
1 in each row and column with distinct vector differences
between each pair of ones in the matrix. Specifically, if we
have 4 distinct entries

C.i. =C.2. =C. =C. =1/1,J 2 12 /3 13 /4 1J4

then
(i2, j21). (i3 -i2 j3 -j2),(i4 i3j, 1j3)

Here Ci,j = 1 indicates that frequency f should be transmitted
on time interval tj.
Costas array were first defined in [6] more than 40 years ago.
Since then all Costas arrays for n < 26 have been found by
exhaustive search [4], [15] and are enumerated in Table 1.2.
Costas arrays are known to exist for infinitely many n due to
constructions for n equal to or a little less than a prime or
power of a prime. Four new Costas of orders 29, 29, 36 and 42
were found by Rickard in his application for n < 100 of 1-gap
augmentation [13], a construction that attempts to create higher
order Costas arrays from lower order ones. To date, 663,703
arrays of orders up to 200 are known [2]. The recent survey

paper [9] by Drakakis gives a thorough account of the current
state of knowledge about Costas arrays.

TABLE 1.2
NUMBER OF COSTAS ARRAYS OF ORDER n
n C(n) n C(n)
1 1 14 17252
2 2 15 19612
3 4 16 21104
4 12 17 18276
5 40 18 15096
6 116 19 10240
7 200 20 6464
8 444 21 3536
9 760 22 2052
10 2160 23 872
11 4368 24 200
12 7852 25 88
13 12828 26 56

Table 1.2 makes the sequenceC(1),C(2),... appear to be
unimodal but this is not the case the family of known
constructions implies thatC (27) > 56. The following density
result is the strongest asymptotic result to date

Theorem 1.3 (Davies [7])
(n)as n-+coc
n !

In this paper we view Costas arrays of order n geometrically as
the vertices of the permutohedron PCg n that are in the
complement of a certain real hyperplane arrangement in E n

that we refer to as the Costas arrangement. We use Mobius
inversion in Section III to give the first-ever closed formula for
C(n) and then analyze the corresponding lattice and
alternating sum. Finding and enumerating lattice points is a
well-established mathematical problem that has found
applications in combinatorics, representation theory, statistics,
number theory and discrete optimization. We conclude with a
discussion ofhow recent algorithmic breakthroughs might help
to actually find new Costas arrays.
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II. COSTAS ARRAYS As LATTICE POINTS
For a fixed Costas array of order n, let T (i) denote the row
number in which the unique 1 occurs in column i (Cq() X:=:1:)
for I < i < n . Definition 1. 1 implies that each pair of
differences in a fixed row of the difference table

;T(2)-;T(1) ;T(3)-;T(2) ... zT(n)-7T(n- )
;T(3)- T(1) .. T(n)-;T(n-2)

rT(n) - z()
must be distinct. The set Cn of Costas arrays of order n is
therefore in bijective correspondence with permutations in the
symmetric group Sn with the following property:

Definition 11.1 (RUD Property): A permutation w in the
symmetric group Sn has the row ofunique differences property
if and only if z(f)-z(k) = r(j)-(i) for < < j < n and
2 < k <l < nwithl - k =j i.

We pause now to collect some mathematical concepts that help
us to think of Costas arrays geometrically and allow us to write
out a closed form expression for C (n). The standard reference
for the subject of hyperplane arrangements is [12]. For
concepts from lattice theory that are not explained here we
refer the reader to Chapter 3 of [16].

A. Hyperplane Arrangements and Lattices
A hyperplane H is a codimension 1 affine subspace of a finite-
dimensional vector space V over a field F and a collection of
hyperplanes A is said to be a hyperplane arrangement.
Let A = {HI,H2,... .,Hk} be a finite hyperplane arrangement in
V. The connected components of the complement of the union
of the Hi in Vare known as the chambers ofA.

The partially ordered set (poset) L (A) = (L (A), <) of
intersections of hyperplanes in A ordered by reverse inclusion
is called the intersection semilattice of A. The poset L(A) is
graded with rank function p : L (A) -* and has a unique
minimal element 0 corresponding to V and an atom
corresponding to each Hi. The poset L (A) has a unique
maximal element i (and is therefore a lattice) if and only if

n Hi 0
1<i<k

By definition we must consider all 2 intersections of
hyperplanes in the power setP(A)when determining L(A)
although the flats of L (A) are the maximal sets of hyperplanes
with respect to a given intersection set. Given an arrangement

A, let /L(A) (o, X) =p(X) denote the Mobius function of the

semilattice L (A). The function p : L (A) -* is uniquely
defined by the system of equations

E, A(Y) = 56,x(1
y'x

where 5 is the Kronecker delta. In Section III we will apply
inclusion-exclusion using Mobius inversion to compute C (n).

B. THE LATTICE POINTINTERPRETATION
The RUD property of the permutation corresponding to a
Costas array suggests that we may think of a Costas array as a
lattice point in some chamber of a hyperplane arrangement by
making the identifications

C E Cn * 1Z E Sn <* (1z (1),SZ (2), .. I T (n)) E P
where C"() 1= for 1 < i < n. The RUD property requires that
P, not exist on any hyperplane in the arrangement
AC -{xx1 =x, -Xk :1-k= j-i,1<i<j<n,2<k<1<n}
This definition of the Costas arrangement is redundant,
however. Forl<i<j<nand2<k<l<nwithj-i=/-k
and k < j we have

Xi -xi = xl -xk<X > xk -Xi = xi -Xi
and k - i / j so it suffices to assume that k >j and use

AcC xi -xi = x, -x. Ik= j-i,lI<i< j< k<l/<n} (2)

We will refer to Ac as the n-dimensional Costas arrangement.
We comment that this redundancy observation was first made
by Weita Chang in [5].

III. HYPERPLANE ARRANGEMENTS AND LATTICES

We will enumerate Costas arrays using inclusion-exclusion.
Define functions f, g : L (A4) E for each flatX E L (An):

f(X) = X nqvPn)|
g(X) ~X UY>v(F~)

( Y>X)

where v (P ) denotes the vertices of Pn , namely
v(P) { (1), f(2), ...I, (2): ffE S}

Thus we may writeC (n) = g(O) . Since

f(X) = E g(Y)
Y>X

we have, by the Mobius Inversion Theorem [ 14]
C (n) = L( (X)f (X)

XEL A' )
To our knowledge the sum in (3) is the first-ever closed form
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expression for the number of Costas arrays of order n for all n.
In order to evaluate it we must tackle 3 computational tasks.
We must first determine the structure of L (As) we do this in
Section III.B. We must then compute p (X) and f(X) for all
X. Since the function, is easily computed by solving the
recursively-defined set of linear equations of a single unknown
given in (1) we focus on computing the f(X) in the remainder
of Section III.

We comment that (3) implies general bounds on C (n) of the
form

C(n) >2 pE (X)f(X)
XEL(A )
p(X)<2k+1

C(n) < E] p (X)f(X) 5
XEL(A )
p(X)<2k

for k = 0,1,2,... Direct computation shows that the lower
bound of (4) is negative for k=0 and n>4 so more computation
would be required to prove existence for general n. The upper
bound of (5) is much more difficult to evaluate even for k=1
but could perhaps be the starting point for derivations of new
asymptotics.

A. Lattice Size

Notice from (2) that the intersection of all hyperplanes in Ac is
nonempty so that L(A) is a lattice. How "large" is the
lattice L (A) ? One way to answer this question is to count the
number of atoms of L (A ) (i.e., hyperplanes in Ac ). Define

M M(n) L2I
In the notation of (2) with d=l-k=j-i, we may condition on i
and d to see that the arrangement Ac has

n-2d M n-d

i=1 d=11=i+d (6)

2M31 nM2+Kn -n I Jm
3 +2- M+ 2 6)

hyperplanes so that AC7 1547 and A32 2600 .

Observation 111.1 below is a linear algebraic truth we record
without proof that is helpful for finding L(A) in that it
allows us to identify non maximal subsets ofP (A ).

Observation 111.1. Let
X= n H

HEAX

Y = n H
HEAY

where Ax, AyC AC Write
H {x: VHX =

for some row vector vH E E n and let
M (X) = ]VH,A AEA

o}

I lAxn

M(Y) [H[ ] A=-E xAy

Then X and Y correspond to identical flats in L (A ) if and

only if rref (M(X)) = rref (M(Y)).

From (3) we see that the total number of flats T(n) gives the
number of summands we must evaluate to computeC(n).
Observation 111. 1 and (3) imply

Corollary 111.2 The number offlats T(n) in L(A) equals
the number of distinct matrices of the form rref(M(S))for
S c Ac.

A closed form for T (n) remains elusive but direct computation
shows thatT(3) = 2,T(4) = 5,T(5) = 15,T(6) = 88 and
T (7) = 647. The rapid growth for low values of n may seem
discouraging but Theorem 111.5 below significantly reduces the
actual number of flats we need to consider.

Lemma 111.3 LetX E L (An ) . Then p(X)= r(X), where

r(X) denotes the number ofnon-zero rows ofrref(M(X)).

Proof. We proceed by induction. The result clearly holds for
X= 0 and for any He AC . Suppose it is true for

x= n H
H-AX

where 2 < lAxl < An and consider H X A. If

r(XuA) r(X)
then X is not a maximal set with respect to XA
contradictingX E L (A). Thus

r(XufJ)= r(X)+l
This completes the induction.

It follows from Lemma 111.3 and some elementary row-column
operations that
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rref(M())i 2

so we have
0-

1-n n-2
2-n n-3

-2 1
A: (n)-2xn

Corollary 111.4 For n > 3, the rank of the intersection lattice
L(Acn) is given byp(L(A )) r(1) = n - 2.

B. Lattice Structure
One way to find the flats of the intersection lattice is to use the
results of Section III.A together with the identity

rreIM(X) rerrrref (M(X))(8rref 0 ())rref 0 fH 0(8)
-M(H)_j L M(H)

to "build up" L (Ac ) by rank. Assume that the sets F (k) of
all rank k flats of L (An) have been formed for 1 < k < n - 3
(there is a unique maximal element of rank n-2 by Corollary
111.4). Fix an arbitrary total order on AC and note that this
induces a lexicographic total order on the F (k) . Fix k. For a
rank k flatX compute

rrefKlM(X)]
using the identity in (8) for each hyperplane X E Ac \ H. The
flat X uH is in ifand only if

rref [MX) rref(M(X))
([M(H)_]

C. Computingf(X)
The most significant computational challenge posed by (3) is
the need to evaluate f(X) for all flats X E L (Aj) . We
summarize results below that drastically reduce the
computation involved.

Theorem 111.5 Let

D -D(n)= L

and

E(n) =DKnJ+ (I1 2n)KD2J+ D(D+1)(2D+1)
ForXe(2)ad) we2h3

For X E L (A n andHe Acnwe have

(i) (O=f(F1)=n!
(ii) (1) fK[}Hn
(i)IfY>-Xthen f(X) < f (Y)

(iv) f(H)= 2(n -3)!M(n-M I) for
H= x:x - Xk= X1 }

(H) = 8(n - 4)!E (n)for
H = 1x: X-xi xl -Xk>j}
f(X) = f (g (X)) and p (X) = , (g(X)) for any
I-invariant bjection g of coordinate indices of

(vi) {I, 2,..., n} where I is the set of indices appearing in
the hyperplanes intersecting in X and g(X) is the
intersection of the images of these hyperplanes under

.. It suffices to compute f(X)for the non-zero rows
(vii) ofrref(M (X))

Proof Parts (i), (iii), (vi), and (vii) are trivial. Part (ii) follows
from noticing that only the points (1, 2,. , n) and(n, n -1,... ,)

lie on all hyperplanes ofAC To establish (iv) first note that,
for fixed xi, xj, Xk with d = j- i k- jthere are (n-3)!
orderings of {1,2... .n} {X\,XXk-} For each such ordering
we may interchange xi and xk to obtain a distinct lattice point
on H. From conditioning on d we see that there are n-2d
ordered triples for a fixed d and hence

D(n) = (n-2)+(n-4)+...+ Y _(_1)n)
altogether. To see part (v) we may proceed similarly, noting
that, for fixed i, j, k, / withd= j- i=/-kthere are(n -4)!
possible total orderings of{1, 2, ... n} \{x,X, Xk, XI } . For each
ordering the 3 transformations xi e- x and xl e- Xk, X e- Xk

andx*- x, produce 7 other distinct lattice points.
For i = j - d andk = / - d notice that d can range from I to T,
inclusive. Conditioning on d, we see that for a fixed d the
indexj can range from d + I to n - d -1 inclusive, which implies
that / ranges from j + d + I to n, inclusive. Fixing d, j, and /

uniquely determines the ordered 4-tuple (i, j, k, l). It follows
that there are

T n-d-I n

E(n)= E 1
d =1 j=d +l =j+d +l

such 4-tuples. This completes the proof.

It would be a substantial computational breakthrough to extend
Theorem 111.5 to a larger subset of flats ofL(A). Note that
parts (ii) and (iii) imply that f(X) = 2 for some flats of high
rank whereas part (vi) is helpful for finding f (X) for flats of
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low rank. Part (vii) is helpful with direct computation of
f(X) in that allows us to deal with fewer hyperplanes and
fewer non-zero coefficients as evidenced by (7). A review of
the flats of L (An) for 3 < n < 7 suggests

Conjecture 111.6: A non-maximal flat of L (Ar) is the
intersection ofat mostC (n - 1) hyperplanes.

IV. RELEVANT ALGORITHMIC BREAKTHROUGHS

In 1994 A. I. Barvinok published [1] the first-ever polynomial
time algorithm for determining the number of lattice points in
a convex rational polytope. His algorithm proceeds by first
decomposing a polytope into simplicial cones and then
unimodular cones before finding the multivariate rational
generating function of the polytope from those of the
unimodular cones. The number of lattice points can then be
obtained from the polytope's generating function by evaluating
it at 1 using residue techniques. J. DeLoera and his team at
UC Davis implemented this algorithm and some of its variants
in the freeware software package LattE. Their code base now
handles polytopes of dimension 50-80 (personal
communication) and at least several thousand vertices [8]. In
2007 M. Koppe streamlined the decomposition of the polytope
into unimodular cones employed by Barvinok's algorithm to
reduce the work of computing with the unimodular cones [10].
Starting with the code of LattE version 1.2 Koppe
implemented his ideas in the package LattE Macchiato. The
resulting improvements are problem-dependent but typically
significant (see [11] for more details).

An exciting use for such software is to apply it to regions of try
to find Costas arrays. At this time it is not particularly clear
how to advantageously define these regions subject to the
constraints of computing power and algorithm limitations.
Since a Costas array corresponds to a lattice point on the
hyperplane

H (x) {xxi =a}

for a = n(n+l) the chambers can be bounded and restricted to the
vertices of Pn by using the hyperplanes Ha' and HI' for E
small together with other, carefully chosen bounding
hyperplanes. It is not certain that counting the lattice points in
each chamber would be the best use of the implementations of
the new algorithms. However, if the software were to indicate
a non-zero number of lattice points in a chamber ofAC it would
be possible to recover the coordinates of these lattice points
from the ordering on them imposed by the bounding
hyperplanes.

SUMMARY
We give a geometric interpretation of a Costas array of order n
as a lattice point in Euclidean n-space that is not on any

hyperplane in a certain hyperplane arrangement. This opens
up the study of Costas arrays to the application of many
mathematical results and algorithms used to enumerate and
find lattice points. We exploited this new perspective to use
generalized inclusion-exclusion via the Mobius inversion
theorem to write out the first-ever closed form expression for
the number of Costas arrays of order n and give results that
significantly reduce the work of evaluating the resulting sum.
Another research track suggested by this perspective is to use
recent, polynomial-time lattice point enumeration algorithms
of Barvinok and Koppe to mount aggressive searches to find
new Costas arrays in a family of carefully-chosen, convex,
bounded subsets of n-space.
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