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Sequence Designs for Ultra-Wideband Impulse Radio
With Optimal Correlation Properties

Wensong Chu, Member, IEEE, and Charles J. Colbourn

Abstract—We formulate a combinatorial model of impulse
radio sequences (IRSs) to study sequence or signal design for
ultra-wideband (UWB) radio with unmodulated time hopping.
Using this combinatorial model for IRSs, we develop necessary
and sufficient conditions for the existence of IRSs. Several novel
constructions for IRSs with optimal correlation properties are
given. The constructions involve the Welch construction for Costas
arrays, a quadratic polynomial construction over finite fields,
recursive techniques for optical orthogonal codes, and combinato-
rial design techniques using perfect Mendelsohn designs (PMDs).

Index Terms—Costas arrays, optical orthogonal codes, perfect
Mendelsohn designs (PMDs), ultra-wideband (UWB) radios.

I. INTRODUCTION

ULTRA-wideband (UWB) refers to an electromagnetic
waveform characterized by a radiated spectrum with a

very wide bandwidth around a relatively low central frequency.
When the 3-dB bandwidth becomes 25% or more of the signal’s
central frequency, by convention this radio has a UWB nature,
according to [9]. UWB systems for wireless communication
have recently become an important area of research. An im-
portant component is the construction of sequences with low
correlation, along with a power spectral density that complies
with the requirements of the Federal Communications Com-
mission (FCC). Satisfactory coexistence of UWB radio signals
with other narrowband and wideband signals requires that
UWB radio employ spread-spectrum methods.

Various UWB systems have been studied in the literature,
such as a time hopping (TH) spread-spectrum multiple access
(TH-SSMA) system (impulse radio) [11], and multistage fre-
quency hopping (FH) SSMA models [12].

In this paper, a general combinatorial method for sequence
designs suitable for UWB signals using TH-SSMA is proposed
and several families of sequences with optimal correlation are
constructed.

II. TIME HOPPING SIGNAL MODELS

In [9], an unmodulated TH UWB signal generator is given by
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where time is divided into slots of width , and slots are
grouped into a frame of duration . The integer TH
code , has period . Then the quantity

is

if there is an integer such that
otherwise.

We also assume that the time width of a pulse is less
than . Then the normalized periodic correlation between the
signals of the th user and the th user is

where denotes subtraction modulo the period. Using this
system model, we define a new class of sequences, impulse
radio sequences.

Let be a positive integer. The set of integers from to
is denoted by in this paper

Definition 1: Let be a binary vector
of dimension . Define the support of , denoted by
as the set of indices for which , that is,

Example 1: The support of is
.

Definition 2: An impulse radio sequence
(IRS) is a family of sequences of length and
weight satisfying the following three properties.

1) The Pulse Position Property:
For any

there exist integers from , such
that the support of can be expressed as

i.e., if the slots are uniformly divided into
frames, then each frame has a unique pulse position
among its slots.

2) The Autocorrelation Property:
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for any

and every integer , . Here de-
notes addition modulo .

3) The Crosscorrelation Property:

for any

with and every integer . Here denotes addition
modulo .

When , the notation -IRS is used.
The definition of IRSs shows its close relationship with op-

tical orthogonal codes.

Definition 3: [4] An optical orthogonal code
OOC is a family of sequences of length and weight

satisfying the following two properties, where denotes ad-
dition modulo .

1) The Autocorrelation Property:

for any

and every integer , .
2) The Crosscorrelation Property:

for any

with and every integer .

When , the notation -OOC is used.

Theorem 1: An -IRS is an
-OOC.

Proof: This follows from the definitions of IRSs and
OOCs.

Let denote the maximal pos-
sible number of sequences in an -IRS.
An -IRS is optimal if it consists of

sequences.
Since it is difficult to determine the exact value of

, upper bounds for
are of interest. In the case when , Theorem 1 ensures
that is bounded by the Johnson bound.

Theorem 2 ([7]): (Johnson bound)

In addition to the binary sequence representations used in
the definition of IRSs, there are several other natural represen-
tations, such as the doubly periodic matrices used in [9] and
the set representations used in most research on OOCs [4]. In
order to deal with the pulse position property of IRSs, we use
an -tuple to represent an IRS.

Let be an IRS with sequences and

be one of its binary sequences. The pulse position property of
guarantees that the support of is of the following form:

Thus, we represent as an -tuple over the set

Given two sequences

and

we define a multiset (a multiset can contain an element more
than once) to denote all possible differences between el-
ements in and , which are -apart cyclically, i.e.,

Then is a collection of integers ranging from
to .

We also define a multiset to denote all possible differ-
ences (modulo ) between every cyclically -apart pair of
elements in and as follows:

Thus, is a collection of elements of .
In the remainder of this paper, and denote addition and

subtraction modulo certain integers.

III. NECESSARY AND SUFFICIENT CONDITIONS FOR IRSS

In this section, we begin with some necessary conditions for
an IRS to have the desired correlation properties. Since any IRS
is an OOC, some techniques for OOCs can be applied here. To
study OOCs, instead of viewing its sequences as binary vec-
tors, it is convenient to use their supports. Thus, an OOC can be
viewed as a families of subsets.

Theorem 3([4]): Let be a family of -subsets (subsets of
size ) of . is an optical orthogonal code if
and only if the following two conditions hold.

1) For each , any nonzero can be represented
as a difference , with , in at most ways.

2) For each pair of and with , any
can be represented as the difference with

and , in at most ways.
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Let and
be two sequences in an -IRS. According to
Theorem 3, we need to check the collection of differences

where represents union of multisets, and if
and if . It is convenient to study instead the
multiset

First we derive some necessary conditions for IRSs based on
Theorem 3.

Lemma 1: Let be an -IRS. Let

and

with , be two sequences in . Then for any given
with and for any given with

, the multiset contains at most times, where
and if , and and if .

Proof: Since is also an -OOC,
Theorem 3 ensures that the set

contains each element no more than times. Thus, for every
, contains each element no more than times. Since

, for given , contains each element
no more than times. takes the value and if
and takes the value and if .

Lemma 2: Let be an -IRS. Let

and

with , be two sequences in . Then for every with
and for any given with , if

appears in for times and appears in for
times, then , where and if and

and if .
Proof: If appears in , then it represents a difference

in ; if appears in ,
then it represents a difference

They result in the same difference in

Thus, the total number of appearances is no more than . Here
and are defined as usual.

Lemma 2 strengthens Lemma 1. Indeed, the necessary con-
ditions in Lemma 2 are also sufficient for the existence of IRSs.

Theorem 4 (Necessary and Sufficient Conditions): Let
be a collection of -tuples over the set . Then

forms an -IRS if and only if for every
and ,

for every with , and for every with
, if appears in times and

appears in times, then , where and
if and and if .

Proof: Since is a collection of -tuples over the set
, satisfies the pulse position property. We only need to

show is also -OOC. Based on Theorem 3
and Lemma 2, it is sufficient to show that the multiset

contains each element no more than times, where is as
above.

For any , must be of the form with
and . If there are two sets

of elements and , such that

then

It also implies that

Since , and , ,
the relationships between and and between and can
be classified into the following cases:

• , then ;

• and , then ; it further
implies that ;

• and , then ; it further implies
that .

Given and , suppose that is cyclically -apart
from , the difference can be expressed as with

and . We need to show
that contains no more than times.

We divide the proof into two cases:

1) If and the difference appears in
times with , by the above analysis, any

element outside equal to in is of form
, i.e., it appears in with

. Suppose appears in
times, then , i.e., appears in at most

times.

2) If , the difference either
appear in with or appears in with

. Since ranges from to ,
the second case can be treated in the same manner as the
first case.
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IV. IRSS WITH OPTIMAL AUTOCORRELATION

In this section, we give two constructions for IRSs consisting
of a single sequence that are optimal with respect to the Johnson
bound. The basic idea employs a simple fact, that if

, then as integers.

Theorem 5 (Welch Construction [5]): Let be a primitive
root modulo an odd prime . Then the vector

has the property that for every with , and for
every with , there exists a unique pair

such that .

The Welch construction is used to construct Costas arrays [5],
[6]. There are three typical methods to construct Costas arrays.
However, only this construction has the singly periodic property.
It is a long-standing open question whether the Welch construc-
tion is the only possible way to obtain a singly periodic Costas
array.

Using the Welch construction, we give our first construction
for optimal IRSs.

Theorem 6: Let be an odd prime and be a primitive ele-
ment of . Then the vector

is an optimal -IRS.
Proof: From the Welch construction, for every with
and every with there exists a unique way

to represent . It implies that each with
appears at most once in .

We now check the necessary and sufficient conditions for
given in Theorem 4. We divide our discussion into three dif-
ferent cases:

1) For each with , and every with
, contains at most once and

contains

zero times. Thus, .

2) For each with , and every with
, contains zero times

and contains at most once . Thus,
.

3) If , then with . We need
to show that

and it follows a simple fact that for any other , the
. Thus, when .

By Theorem 4, is a -IRS, with

Thus, the Johnson bound is attained and is optimal.

Example 2: Let and . Then
is an optimal -IRS.

Theorem 7: Let be an odd prime. Let be a
quadratic polynomial over , with and . Then
the vector is an optimal

-IRS with a single sequence.
Proof: The difference

is a linear polynomial with . Thus, for each
and , there exists a unique way to represent as

with .
According to Theorem 4, for with

and every with , we need to estimate the value
, the total appearances of in and . We treat

four cases.

1) If , then .
Then and . Thus, .

2) If , then , and .

3) If and there exists a such that
, then appears and only appears in the following mul-

tisets: and . In addition,
appears and only appears in and . ex-
ceeds if and only if and , which
only happens when .

4) If and there does not exist such that
, then .

guarantees that .

Thus, forms a -IRS by Theorem 4. It is
optimal with respect to the Johnson bound.

If we collect all the possible vectors in Theorem 7, we form
a new IRS.

Corollary 1: Let be an odd prime. Let be
a quadratic polynomial over , with . Then the
vectors

form a -IRS with sequences.
Proof: First we check the value of . Since we take

for each pair , and for every , is in
the range from to . guarantees that for
each with , and for each with ,

and, thus, in terms of Theorem 4.
To check the value of , we notice that is

a polynomial of degree . For each with , and
for each with , ranges from

and . guarantees that .

Example 3: When , we have the 10 sequences

These form a -IRS. The condition that
is not necessary. Indeed, this IRS is a -IRS,

and the statement that is conservative.
For each , except for , by Theorem 7, is a

-IRS. Similarly, is not the smallest value for
. In [9], the same example is given with . When

, from Theorem 4, an -IRS results.
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V. IRSS WITH

According to the Johnson bound, to achieve optimality with
a single sequence for an -IRS, we need

This suggests that . We attain
optimality with in Section IV. It remains
unclear whether there is an optimal -IRS with a
single sequence. In general, the Johnson bound suggests that

is approximately . Thus, if we allow that
, we can construct some IRSs with . Such kinds

of IRSs are much easier to find. We introduce two methods.

A. IRSs Via a Recursive Construction for OOCs

In [3], we give a general recursive construction for OOCs
that can be applied to any OOC provided that certain -simple
matrices exist. We begin with a definition.

Definition 4: Let be an Abelian group of size . Let be
a positive integer. An matrix over is -simple
if the difference of any two column vectors of contains each
element in at most times.

Theorem 8 ([3]): (The Basic Construction) Let be an
OOC. If there exists an -simple matrix

over , then there exists an
OOC with , where and denote the number
of codewords in the new and original codes, respectively.

The existence and constructions of -simple matrices over
are also given in [3].

Lemma 3 ([3]): For any prime and integer with
, there exists a -simple matrix over .

In particular, for , let , be the
multiplication table of . Then is a -simple matrix
over .

Theorem 9 ([2]): Let be a prime power. Then there exists
an optimal -OOC with a single sequence.

We apply the Basic Construction to the optimal OOC from
Theorem 9 to obtain the following.

Theorem 10: Let be an odd prime. Then there exists a
-IRS with sequences.

Proof: Construct a -OOC from [2].
Since it has only one sequence, denote its support by

. Let be the -simple
matrix constructed from the multiplication table of (Lemma
3) by deleting the first all-zero column. So each column of
is a permutation of . Apply the Basic Construction to as
follows. For a column in , say , construct
a sequence with support

The resulting codewords form a -OOC
according to the Basic Construction. To make it an IRS, we

check the pulse position property. Because each column of
is a permutation of , the pulse position property holds.

We would need one more sequence to make this IRS optimal
with respect to the Johnson bound.

B. IRSs Via Perfect Mendelsohn Designs (PMDs)

The necessary and sufficient conditions derived in Section III
suggest that perfect Mendelsohn designs (PMDs) are closely
related to IRSs.

Definition 5: A set of distinct elements is
cyclically ordered by and the pair
and are -apart in a cyclic -tuple where

is taken modulo .

Definition 6 ([8]): Let , , and be positive integers. A
Mendelsohn design (briefly, -MD) is a pair

where is a -set (of points) and is a collection of
cyclically ordered -subsets of (called blocks) such that every
ordered pair of points of are consecutive in exactly of the
blocks of . If for all , every ordered pair of
points of are -apart in exactly of the blocks of , then the

-MD is a PMD and denoted by -PMD.

Example 4 ([1]): Let , and consist of the following
blocks:

Then is a -PMD.

We use existence results from [8] to demonstrate the construc-
tions via PMDs. For detailed information, refer to [1] and [8].

Theorem 11 ([8]): Let be an odd prime and . Then
there exists a -PMD.

Theorem 12: Let be an odd prime and , then there
exists a -IRS with sequences.

Proof: Given and , we can construct a -
OOC using Theorem 9 with a single sequence, say

We can also construct a -PMD with
blocks. Let us denote them by

For each , we construct a -dimensional vector as follows:

We claim that these -dimensional vectors
form a -IRS. The resulting system has

the following property: Given with , for each
difference , if there exists with ,

such that , then the pair is con-
tained in exactly one of the with -apart from .

This property, together with the fact that each is a permu-
tation of a subset of , ensures that for every , and
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for every with , if , then in terms
of Theorem 4. Since it holds modulo , it is true for all
integers.

The Johnson bound for a -IRS is
. Taking essentially reconstructs the

method of Theorem 10. Indeed, it is a generalization of The-
orem 10. We can make a small improvement by taking other
PMDs.

Theorem 13 ([8]): Let be a prime power and
be such that . Then there exists a -PMD.

Corollary 2: For every , there exists a
-PMD.

We also employ a well-known optimal OOC related to prime
powers.

Theorem 14 ([10]): Let be a prime power. Then there exists
an optimal -OOC with a single sequence.

Theorem 15: If is a prime (a Mersenne prime),
then there exists a -IRS.

Proof: Construct a -OOC with a
single sequence and a -PMD with sequences.
Applying Theorem 12, we get a -IRS. With
a simple calculation, it is a -IRS. We
omit the details here.

The Johnson bound for a -IRS is
. The -IRS constructed is one

short of the Johnson bound.
The first Mersenne prime is and the second one

is . Here we have an explicit example to show the
construction in Theorems 12 and 15.

Example 5: The block forms a
-OOC, also known as a cyclic difference set

[10].

We have constructed an -PMD in Example 4. Then we
can construct eight vectors of dimension over as follows:

These eight vectors form a -IRS.

VI. CONCLUSION

A general combinatorial model is proposed to study the se-
quence designs for UWB impulse radios. Several constructions
based on Costas arrays, polynomial over finite fields and optical
orthogonal codes, are presented.

The construction for -IRS with is
much easier than the case when these two numbers are close.
It is still a challenging problem to construct IRSs with optimal
correlation for which and are very close, such as the
best possible -IRS. The authors believe that such
a “perfect” IRS does not exist.

The cases with are of interest in the context of
optical orthogonal codes, since any IRS is also an OOC. So we
have given several new constructions for OOCs. All of the con-
structions given here with are asymptotically op-
timal. Refer to [3] for details.

We have not attempted to list all possible parameters of IRSs
for which we have constructions. Instead, we emphasize the
general models to study IRSs, in order to attract more research
interest in the sequence/signal designs for impulse radios.
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