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Basics

Example and definition

Let [n] = {1,...,n}, f: [n] — [n];
f is Costas iff

Vi,j, i, j €nl,i>ji >7]:
(FO~fG),i—i) = (FE)~f (), =)

si=1ij=]

(No 4 dots form a parallelo-
gram —no 3 dots on a straight
line are equidistant)

1 2 4 3
@ No two linear segments have the same length and slope!

e Horizontal/vertical flips and transpositions of a Costas

array are also Costas arrays: 1 — 8 (or 1 — 4 if symmetrjg). 323
These are equivalence classes (EC) of Costas arrays. ) Vv
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Basics

Why Costas arrays?

o Costas array: a time (horizontally)-frequency (vertically)
description of a waveform used by a RADAR.

@ Received waveform is delayed (distance) and frequency
shifted (Doppler effect— velocity).

@ Cross-correlation: number of overlapping pairs of dots for
a given shift between 2 arrays. Here W4 4(1,1) = 1:

|
X
X

| X
X |

X

@ No parallelograms: sidelobes will be of optimally low ., fjgg
height (at most 1). ‘ W
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Basics

The (exponential) Welch construction Wi (p, g, ¢)

Let p be prime and g a primitive root of the field F(p); for
c €{0,...,p— 2} constant, we build the permutation

f(i) =g~ modp,i=1,....p-1

corresponding to a Costas array of order p — 1. This
construction produces 2(p — 1)¢(p — 1) arrays (along with
reflection through the diagonal).

Examples: W1(17,3,0) —|13910135151116148741226|
By adding and removing corner 1s we obtain the methods W
(s), W1 (ap), W2 (ap), W3 (if 2 is a primitive root).

Flips are covered by this formula, but not transpositions: they
are the logarithmic Welch arrays. & i
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Basics

Golomb construction G, (p, m, a,b)

Let p be a prime, m € N, g = p" and a, b primitive roots of the
field F(g); we build the permutation f such that

A+ =1i=1,...,q-2

corresponding to a Costas array of order g — 2. The method

*(q-1)

produces ————= arrays.
m

By adding and removing corner 1s (or groups thereof) we
obtain the methods Gy, G1, G2, G3, G4, Gs; the conditions are
quite involved. The entire family of a Golomb array is
obtainable by this formula.
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Basics

G(2,4,x,x +1)when P(x) =x* +x +1

0 1 0 1

1 X 1 x+1 é é

2 x2 2 x?+1 3 11

3 x3 3 B4+x2+x+1 P

4 x+1 4 X 5 10

5 X2+ x 5 X%+ x 6 7

6 x® 4 x? 6 X3+ x 7 6

7 ¥Hx+1 7 P2 +1 s g

8 2?2 +1 8 X2 9 13

9 »¥4x 9 x® 4 x? 10 5

10 x> +x+1 10 24+x+1 1 3

11 B 4+xr+x 11 ¥ +1 1 14

12 B4+x2+x+1 12 x° 13 9

13 x3+x§+1 13 33c3+326+1 14 12 g
14 x> +1 14 x4+x+1 L{QR
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Basics

T,: an important special case of Gy4

@ It is occasionally possible for a primitive root of a finite
field F(p™) to satisfy:

P +a=1.

@ Then, f = Ga(p,m,a,a) satisfies f(1) =2 and f(2) = 1.
@ Removing the first two rows and columns of this array
leaves what we define as T4(p, m, a).

o Interesting property: it is always a non-attacking kings
configuration!
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Results

On the computation

@ The computation needed the equivalent of 25 years on a
single CPU at 2.00GHz.

@ 68.75% of the jobs were run on GridIreland; 14.14% on the
University of Edinburgh’s BlueGene; 13.30% on UCD’s
Rowan cluster.

@ Code is written in C but also uses assembly calls.

@ Code consists of a number of jobs: each job checks all
possible permutations starting with a set of pre-specified
integers for the Costas property.
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Results
On the results

29 ECs of Costas arrays were found; 7 are symmetric:
22 -84 7 -4 = 204 Costas arrays of order 27 in total.

@ oneisa T4(31,1) and is symmetric.

@ 6are W»(29, g): there are ¢(28) = 12 g, grouped in ECs in
pairs related by a vertical flip (inverse primitive roots) —
6 such ECs.

@ 21 are G»(29,1,a,b) for the various choices of primitive
roots a and b: there are ¢(28) = 12 such primitive roots.
a = b produces 12 symmetric arrays, which fall in ECs in
pairs — 6 symmetric ECs. The rest (15 ECs) contain 8
arrays each, are not symmetric: ¢(28)? = 144 = 15-8+6-4.

@ One is sporadic (not algebraically constructible).

o Of the above, 4 have corner dots: 3 G, (one symmetric) @( G‘ES
one Ws. )
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The results

1371525112318817613272624201225221649191021 14 W
1319122352520101613271115291482122181726647 24 Gy
182218165231714191220262571011273152211324946 Gy
125195412101626718623272482111322172013152914 Gy /s
2314122151820261642724151919823222517106137 11 Gy
282622103116204141518272519151724162172313129 W
217141271918202616413241152358922113 106272125 Gy
2203823710519132221271816425141517 11246261219 Gy
220178921101915232722713181641114132524626125 Gy
2241641475131216182732281991511 262325101720 21 Gy
224164142119271215618131722852312526911103207 Gy
225813323125192018221412742116266172410911715 W
391813151942201125517627142471026232218122116 Gy /s
3156101889213192126112512752716232242420117 14 W
317619181622262027111252314210792414152521138 Gy
32410262015132314184221921252591767111627 1218 Gy /s
437232516111215212622141272091724618821310195 Gy
47242222510621201452627315112188179191623 1113 Gy
417219111625121726221415132023324618822710519 Gy /s
5131125204222418762323812212715261169191017 14 Gy
515114325131622249232719101714122126611822078 Gy
521111822319101324127317162512202242615781496 Gy
5251026241522313769232021271781181612241119 14 Wy
610231316111201527264279519251782422321181214 Ty/s
616201214712581718261123102415133192227529421 Gy
616201214211511831826259102412717522131922347 Gy /s
623148211264222012111631713152427105921825719 Gy /s
751862612161914322317272022921115118132425410 W

1110424723318219261651152722517221968122013 14
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Results

Future work

Assuming all 768 processors of GridIreland were used
exclusively for the project:

@ 27 could have been completed in 1 week and 5 days;
o 28 will need 8.5 weeks (still doable);
@ 29 will need just above 42 weeks (still doable?)

e 30 will need about 212 weeks, just above 4 years (way too
much).
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